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Combined Flocking and Distance-Based Shape
Control of Multi-Agent Formations
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Abstract—Steepest _descent control laws can be used for for-
mation shape control based on spec1ﬁed inter-agent distances,
assuming point agents with single integration of the control action
to yield velocity. Separately, it ls known how to achieve equal
velocnty for a collection of age: .a formation using consensus
ideas, given appropriate properties for the graph describing infor-
mation flows. This work shows how the two concepts of formation
shape control and flocking behavior can be combined when one
changes from an agent with single integration to one with double
integration.

Index Terms—Consensus, distributed control, formation con-
trol, multi-agent systems.

I. INTRODUCTION

N recent years, there has been much attention given to the

control of formations of multiple agents to achieve certain
objectives. The class of formation control problems that have
been considered includes formation shape control, where the
formation’s agents are controlled so that the formation takes up
a particular shape whose orientation and center of mass position
are irrelevant.

Most of the literature assumes point agents operating in R?
and we shall do that too. Shape control under these circum-
stances proceeds from a nominated set of inter-agent distances

d;‘], ij € €, where & refers to the edge set of a graph G =

(V,€). The set V denotes the vertices, which correspond to the
individual agents. When agents ¢, 7 at the end of an edge ¢5 are
aware of its current and desired length, there exists a gradient
based control law which moves the formation to an equilibrium;
each agent uses the relative positions of its neighbors (two
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agents being neighbors if the corresponding vertices of the
graph are adjacent), and the desired distances to its neighbors.
This enables construction of a distributed control law, which
expresses the agent velocity in terms of the measurement data
available to the agent in question, and the desired distances.
Further, the agents do not need to share a common coordinate
basis. A comprehensive treatment can be found in, e.g., [2].

Another class of formation control problem arises when
one wants all agents in a formation to assume a common
velocity. This is a consensus problem. Associated with it is an
information graph, which in general is directed; there is an edge
directed from vertex 7 to vertex j when agent ¢’s velocity is
available to agent j. Of course, it is not precluded that infor-
mation exchange is reciprocal, and in this case an undirected
graph can be used. In the directed case, when the graph has
a spanning tree (or equivalently has a unique closed strongly
connected subgraph), consensus can be achieved. If one agent
has no incoming edges, it is a leader and there are directed paths
from it to every agent, all agents acquire its velocity, assuming
the graphical condition holds. In the undirected case, the graph
simply needs to be connected. When consensus can be achieved
with an undirected information graph, and then one agent is
designated as a leader, its incident edges are all converted to
outwardly directed edges and consensus is again achievable,
based on the leader’s velocity. These results can be found in,
e.g., [3] and [4] and are reviewed further below.

Our aim in this paper is fo show how one can control a
formation so that both objectives of shape control and sharing
of a common velocity' are achieved. Note that it does make
sense to consider the objectives separately in terms of formation
operations. One can well imagine that a formation has assem-
bled in a correct shape and moves from point A to point B, at
which point it turns. To accommodate the turn, one simply uses
consensus-with-a-leader, and one would want the shape control
aspect to take care of itself. That concept is achieved in our
scheme.

This idea has also been considered by Olfati-Saber [5],
Tanner et al. [6], Dimarogonas and Johansson [7] and Su et al.
[8]. These authors assume the graph for underlying formation
shape control and consensus are undirected, and the formation
has no leader. Our main contribution is to consider the general
case where the graphical structures of the consensus and shape
control graphs are not necessarily identical. We further assume
different cases where there is a leader or a group of leaders in
the formation and the consensus graph is directed. The stability

'The common velocity may be that of a leader, or an average of the velocities
of all the agents.
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analysis is performed using Lyapunov stability theorem and
LaSalle’s invariance principle, and it is shown that the system
is asymptotically stable. We further show using the center man-
ifold theorem that the correct equilibrium associated with the
desired formation shape and velocity is locally exponentially
stable. The idea of using center manifold theory has been used
in [2] and [9] to show the stability of multi-agent systems,
but their analysis is restricted to only shape control problem.
We, however, apply center manifold theory to a more general
problem, i.e., flocking with shape control.

There are other results in the literature in which the agents in
the formation should keep a certain relative position (i.e., both
distance and orientation) while moving from point A to point
B, see, e.g., [10], [11]. A fundamental distinction between the
problem considered in [10], [11] and the problem considered
here is that [10], [11] study the case where both the shape and
orientation of the formation should be maintained, whereas we
assume that just the shape of the formation, which can be main-
tained by controlling inter-agent distances, is important and
the orientation is irrelevant. The former problem can be done
simply with a linear system, but it requires all agents to agree
on a common direction, say e.g., north, while the latter does not.

The material in this paper is partially presented in [1]. The
main contributions of this paper, in comparison to [1], are
as follows: it considers the case where the consensus graph
has a closed strongly connected component which contains
more than a single vertex, and includes complete proofs of the
results in [1] and the exponential stability proof using the center
manifold theorem.

The structure of the paper is as follows. In the next section
we define the notation, and provide formal statements of
the separate results for shape control and consensus velocity
control. Section III indicates how to combine the two ideas,
and Section IV contains simulation results. Conclusions and
suggestions for future work are presented in Section V.

II. REVIEW OF BACKGROUND THEORY
A. Notation

We consider n point agents in R?, with the i-th agent located
at p;. We denote by d;; the distance between agents 4, j: d;; =
lpi — pjll, and we let d;; denote a specified or desired distance
between the same agents. We denote by N; the neighbor set of
agent i, or the set of agents j for which d;; is specified. We
let p denote the vector of all agent positions stacked together.
Likewise, g; = p; will denote the velocity of agent ¢, and ¢ = p
will denote the vector of all agent velocities stacked together.

For shape control purposes, an underlying undirected graph
G = (V,€) is specified where V is a list of vertices, one
corresponding to each agent, and £ is a list of agent pairs (edges
of the graph) where it is assumed that ij € £ if and only if d;;
is specified and d;;(¢) at any time ¢ is known to agents ¢, j.

B. Shape Control

In most shape control problems, it is usual to postulate that
the set of edges £ defined by the distance data ensures that the
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Fig. 1. Framework which is rigid, but not globally rigid.

associated graph G is at least rigid, if not globally rigid. Rigidity
means that if a formation is such that at some time ¢ there holds
dij(t) = d;; forall ij € £, then the only continuous motions of
the formation are ones which preserve its shape, i.e., when the
formation moves, so that the geometric figure after the move
must be congruent with that before the move. Global rigidity
means that all formations achieving the specified distances
are congruent, i.e., differ at most by translation, rotation, or
reflection. See [12] for more details. Note that there exists
rigid but not globally rigid formations. Consider for example a
formation with four agents, and with specification of the lengths
of edges 12, 23, 31, 24, 41 as shown in Fig. 1. It is not hard to
see that the formation comprises 2 triangles, 123 and 124 with a
common base. The triangle shapes are individually determined.
However, one may have the two triangles on the same or on
opposite sides of the base and be consistent with given distance
data. Of course, there is no continuous motion preserving
nominated distances and carrying one of these formation shapes
into the other. So this formation is rigid, but is not globally rigid.

A framework (G, p) is generically rigid if it is rigid and p
is generic. Generic rigidity is a property of the graph G, not
the configuration p. Thus, we also say a graph G is rigid in
this paper if the framework (G, p) is generically rigid for any
generic configuration p in the plane.

Another important type of rigidity is infinitesimal rigidity
which is a stronger condition than rigidity though not as strong
as global rigidity. Let the framework (G, p) be defined as

(G,p) = {pi,p; € R?||lpi — psll =dj; V{i,j}€&}. (D

Then the framework (G,p) is infinitesimally rigid if every
possible motion that satisfies

(:(t) = q; ()" (pi(t) = p; (1)) =0 ¥{i,j} €€ (@

consists of only rotation and translation of the whole
framework [13].

It is valid to attempt to control a formation to a given shape.
Typically a function measuring the error between the current
formation and the desired formation is specified. One such
choice of ‘fidelity index’ is

1 2 2\2
V(p) = 3 > o (d3—df)”. ®)
ije€
Notice that this expression is invariant under translation, rota-
tion or reflection of the formation. Variants on this expression
include adjustments to penalize excessive closeness of agents,
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and excessive separation of agents, reflecting the desire to avoid
agent collisions, and to maintain agents in contact with one
another, when communication over long distances may fail. See
for example [7], [14].

The control law used is simply a steepest descent law, thus

p=-VV(p). )
The particular equation for agent 7 is

—pj)- ()

pi=23 (42~ &) (pi

JEN;

As is typical for shape control laws, motion of agent ¢ is defined
solely using the agent’s own neighbors; their relative positions
(in agent 7’s coordinate base) are required, as is the distance
error. As shown in, e.g., [2], convergence of the formation
shape always occurs if the required graphical conditions hold.
With the particular index above, the center of mass of the
formation (i.e., Y .~ ; p;) remains constant. The question of
whether convergence occurs to a correct equilibrium, i.e., one at
which the specified distances are attained, has been considered
in much detail; for formations of three or more agents, there are
always multiple equilibria including the correct equilibria, and
the latter are always attractive, so local convergence around a
correct equilibrium is guaranteed. The existence of attractive
incorrect equilibria can so far only be excluded in a limited
number of cases; for example, for a triangular formation, none
of the incorrect equilibria, which involve either two or three
agents being collocated or three agents being collinear, are
attractive. In all cases, equilibria are not isolated: this is because
any rotation or translation is also an equilibrium. This fact
makes more difficult the convergence analysis of equilibria.
Nevertheless, with the aid of the center manifold theory, ex-
ponential convergence to zero of V(p), and thus the individual
distance error terms such as (dfj — d;‘f)Q can be demonstrated
in the vicinity of a correct equilibrium.

As noted above, Ei p; remains constant under the steepest
descent law associated with the fidelity index (3). We have the
following generalization, to which we will later appeal:

Lemma 1: Let V (p) be a continuously differentiable function
of the distance between a subset of agents of a formation.
Then on motions defined by p = —VV (p), there holds (a) (1 ®
I,)"VV(p) =0 for all p or equivalently (b) >, p; remains
constant. Here, 1 denotes the n-vector of all 1’s.

Proof: Note that (1® I,)"VV(p) =Y_,(0V (p)/0pi),
and if d;; is the distance between i and j then

8V(p) 8dw -

8dij 8pi

8V(p) 8d¢j
8dij 8pj '

So it is evident that Y, (0V (p) /0p;) = (1 @ L)' VV (p) = 0.
Next, on motions defined by p = —VV (p), there must hold
(1® L) 'p=—(1®I)"'VV(p) =0 which is equivalent to
> , i Temains constant.
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C. Flocking Behavior

By flocking behavior, we mean the phenomenon that all
agents in a formation acquire an identical velocity. Let G =
(V, €) denote a graph, which may be directed, governing the
information transmission between pairs of agents. There is an
edge in £ from vertex 7 to vertex j when agent j can learn agent
1’s velocity instantaneously. We say a graph is rooted at vertex
£ if there is a path from ¢ to every vertex in the graph.

Let A; denote the set of agents j supplying information to
agent i. Let L denote the Laplacian matrix associated with G.
Thus for ¢ # j, there holds l;; = —1 if and only if there is
an edge from j to ¢; else l;; = 0. Moreover, l;; = — Zj lij.
Another matrix that interprets the adjacency relationship in a
graph is the incidence matrix. The kth column of the incidence
matrix H is determined by the kth edge of graph G. If the kth
edge is pointing from vertex ¢ to vertex j, then the ¢th entry of
column k is —1 and the jth entry is 1. If L is the Laplacian ma-
trix associated with an undirected graph, then L can be written
asL=HHT. According to the definition of H, the incidence
matrix has each column summing to zero, i.e., H'1=0.

Define £ = L ® I5. The consensus equation, defining how
each agent adjusts its velocity given the information available
to it, is

q=—Lq. (6)

For agent ¢, this is

G=Y (3 —a) @

JEN;

Then the following holds [3]:

Theorem 1: With notation as above, suppose G is undirected,
and so the associated Laplacian is symmetric. Then the follow-
ing conditions are equivalent:

1) Equation (6) converges exponentially fast from any initial
condition to a solution in which all ¢; assume the same
vector value in R?.

2) G is connected.

3) Thekernel of L is 1-dimensional, being span{1}, where 1
denotes a vector of all 1’s. The cokernel is also span{1}
as L is symmetric for an undirected graph. All nonzero
eigenvalues of L are positive.

If G is directed, condition (1) remains as before, and the other
two conditions are replaced by three equivalent conditions:

1) G has a spanning tree.

2) G has a unique closed strongly connected component.?

3) The kernel of L is 1-dimensional, being span{1}. The
cokernel is spanned by a nonzero vector n of all non-
negative entries, and all entries are positive if and only if
G is strongly connected. Nonzero eigenvalues of L have
positive real parts.

2 A strongly connected component is a maximal strongly connected subgraph.
A closed strongly connected component is one such that there are no inwardly
directed edges to any vertex in the component from a vertex outside the
component.
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D. Center Manifold Theory

Center manifold theory is a tool for determining the stability
of anonlinear system which has eigenvalues with zero real parts
when linearized about an equilibrium point. It is a powerful tool
that studies the stability of a nonlinear system by analyzing a
lower order nonlinear system whose order is exactly equal to
the number of eigenvalues of the linearized system with zero
real parts. Standard treatments of center manifold theory can be
found in e.g., [15], [16]. We briefly explain the center manifold
theory below.

Consider the system

0=A.0+ hi(0,p)

p=Ap+ha(0,p), (0,p) €RE xRV~ (8)
where A, is a matrix having eigenvalues with zero real parts,
A, is a matrix having eigenvalues with negative real parts, and
the functions h1 (6, p) and ha (6, p) are C? functions satisfying
h1(0,0) = 0, h2(0,0) = 0, Jp, (0,0) = 0 and J;,(0,0) = 0.
An invariant manifold is called a center manifold for (8) if it
can be locally represented as

M= {(0,p) e R" x R"™": p=h(0)} )

for some sufficiently small neighborhood of the origin where
the function h(#) satisfies h(0) = 0 and J;,(0) = 0.

It can be shown that center manifold exists for (8) with local
representation function A : R* — RY~*. The dynamics of (8)
restricted to any such center manifold is given by the following
nonlinear system for sufficiently small &:

§=Al+ M (57 h(f)) , SER" (10)
The stability of (8) can be analyzed from the dynamics of the
center manifold in (10) using the following theorem.

Theorem 2: ([16, Theorem 7.26]) Consider the system of
equations (8) and its associated center manifold system (10).
If the origin of (10) is stable (asymptotically stable) (unstable),
then the origin of (8) is stable (asymptotically stable) (unstable).
Suppose the origin of (10) is stable. Then if (8(t), p(t)) is a
solution of (8) starting with a sufficiently small (0(0), p(0)),
there is a solution £(¢) of (10) such that as t — oo

0(t) =£(t) + O(e™™)

p(t) =h (&(t) + O(e™ ) (11)

where vy is a positive constant.

III. COMBINING SHAPE CONTROL AND FLOCKING

Throughout this section, G denotes a shape control graph. We
consider several possibilities for the consensus graph G.

3 J¢(z) denotes the Jacobian of f(z) evaluated at a point z.
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A. Undirected Consensus Graph

‘We first consider an undirected consensus graph and state the
following theorem.

Theorem 3: Suppose there is an undirected consensus graph G
which is connected and an underlying formation shape graph G
which is rigid. Let £ = L ® I with L the Laplacian associated
with G and let V(p) be a function invariant to translation,
rotation and reflection. Then for the double-integrator model
combining shape control and velocity consensus

pP=q
¢=—Lq—VV(p) (12)
all trajectories tend as ¢ — oo to the set
Q={(p,q): Lg=0 and VV(p) =0}. (13)

Proof: Our approach will be to work with a Lyapunov-
like function, nonnegative but not positive definite in the state,
and to show that its time derivative is nonpositive. We then
apply the LaSalle’s invariance principle, but for this purpose,
we need separately to establish that all trajectories are bounded.
(Note the applicability of LaSalle in this situation [16]). Since
the state trajectory p(t) is evidently not bounded once the
formation is moving, a state-variable change is needed.

Observe first that because (1 ® I5) " £ = 0, and also because
(1®13)"VV(p) =0 in the light of Lemma 1, there holds
(1® I2)" ¢ = 0; equivalently, (1 ® I5)"g(t) is constant. This
simply reflects the fact that the average velocity of all agents
stays the same.

Define the transformations as

t

o) =) - (0% IQ)W%M%

q(t) =q(t) - (1® IQ)M

(14)
where n is the number of agents. It is evident from the definition
of g(t) that (1 ® I) "g(t) = 0. This simply reflects the fact that
the average velocity of all agents in the new coordinate system
is zero. Hence, (1 ® 1) "p(t) = 0 or (1 ® I, )p(t) is constant,
which means that in the p(¢) coordinates, the center of gravity
of the agent positions is fixed.

Then the equations of motion in the new coordinates which
strip out the average motion of the formation become

b= (1o 1) E2LL A0

YA L L (U]

=q
q=—Lq—VV(p). 15)
Notice that V' (p) = V(p), since p;(t) — p;(t) = pi(t) — p;(t).

Now take as a Lyapunov function W (p,q) = (1/2)g" g +
V (p), and verify that W (p, §) = —g' £q. Since this is nonposi-
tive, it follows that W is bounded and then that () is bounded
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and V (p(t)) is bounded. Since V (p) is bounded and the graph G
is connected, all the edge lengths ||p;(t) — 5,(t)]|| are bounded.
Because the edge lengths are bounded, because G is connected,
and because the center of gravity of the formation in the
p-coordinates is constant, p(¢) itself is bounded.

Because of the boundedness of p(t) and g(t), the LaSalle’s
Invariance Principle applies and it guarantees all trajectories
converge to the largest invariant set in S = {(p, ) : W (p, q) =
0}. Because (1® I2)" ¢ =0 and because the kernel of L is
spanned by 1, the equality ' £g = 0 implies g = 0.

Let (p(t),q(t)) be a solution that belongs identically to S.
Then G =0 and thus ¢ = 0 which means, according to the
second equation of (15), that VV(p) = 0. So the largest invari-
ant set in S'is M := {(p,q) : ¢ = 0 and VV (p) = 0}. Finally,
g = 0 is equivalent to £Lg = 0 and VV(p) = 0 is equivalent to
VV(p) =0. [ |

Remark 1: According to Theorem 3, if G is such that velocity
consensus is achievable without shape control, and G is such
that formation shape control p = —VV (p) for single-integrator
agents is achievable without velocity consensus, then both
objectives are achievable via (12). Note that (12) combines the
consensus control law with the shape control law, except that
an additional integration is involved for the latter.

Remark 2: Obviously, one could never hope to maintain a
correct formation shape before velocity consensus has been
achieved. Hence, one can envisage that velocity consensus
should be obtained on a faster time scale than that for shape
control. The relative speeds of convergence can be crudely
adjusted by including a positive multiplier of the matrix £ in
(12). Some simulations are given later in Section IV on how
this gain can increase the convergence rate of the system.

We showed in the above theorem that all (p, q) trajectories
converge to the set {2 defined in (13) as ¢ goes to infinity.
Note that when VV(p) =0 the specified distance between
the neighbor agents is not necessarily attained. (Consider, for
example, the case where all agents are collocated, which is
obviously not the desired shape. Then if V' (p) is in the form
of (3), VV (p) is zero.)

We now define the set of desired formation shape and veloc-
ity in (p, q) frame, and investigate the conditions on the stability
of this set.

Let H be the incidence matrix associated with G and H =
H ® I,. If the graph G has r edges then # is 2n x 2r. The
vector of the aggregate relative positions of neighbor agents e €
R2" can now be defined as

e=lepeq - er]T =Hp. (16)

Let
(e) = [lleall® lleall® -~ llel1?] (17)
95(p) :=(H'p) = ¢(e) (18)

and let d* be the vector the squares of the desired distances
corresponding to ¢(e). Then the set of correct equilibria for the
desired formation shape and velocity can be represented by

0 ={(p,q) : ¢=0 and gz(p) =d"}. (19)

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 61, NO. 7, JULY 2016

We will show in the rest of this subsection, using the center
manifold theorem, that if V(p) is in the form of (3) then for the
double-integrator model in (12), the inter-agent distance error
represented by ¢(e) — d* and the velocity error g of trajectories
starting from a small neighborhood of the correct equilibrium
in {21 converge to zero exponentially fast. Krick et al. showed in
[2] that for a shape control algorithm with a steepest descent con-
trol law, the set of correct equilibria representing the desired for-
mation shape is locally asymptotically stable ([2, Theorem 4]).
We use the same idea to show that in the combined shape
and velocity control, the trajectories starting from a sufficiently
small neighborhood of the correct equilibrium set (representing
the desired formation shape and velocity) converge to the set
exponentially fast. We first make the following assumption:

Assumption 1: The framework (G, p) is infinitesimally rigid
at each p where ¢(H "p) = d*.

According to the definition of infinitesimal rigidity, it is clear
that if the framework (G, p) is infinitesimally rigid, then the
framework (G, p) is also infinitesimally rigid.

To use the center manifold theorem, we first show that (15)
can be written in the form of (8). Considering (18), the potential
function (3) can be written as

1 *
V(D) = 5 llgs(p) — d*[)” (20)
whose gradient VV (D) is
VV(p) = Jy, () (95(p) —d"). @1
By linearizing (15) at a point in {2 one has
D 0 IQn D
L = _ _ |- 22
L] [—%JMT%AM —ﬁ]L} 22

Note that the matrix J_ (p) " J,, (p) evaluated at a point in 4
has three zero eigenvalues and the rest are real and positive.
This is because of the fact that the matrix J,, € R™2" is the
rigidity matrix associated with G and has three zero eigenvalues
if and only if the framework (G, p) is infinitesimally rigid (see
[2, Theorem 2]). The matrix £ = L ® I in (22) is also positive
semi-definite and has two zero eigenvalues when the consensus
graph G is connected.

To make the calculations easier, we perform a coordinate
transformation that separates the centroid dynamics from the
remaining dynamics of the system. Let R € R?"*2" be an
orthonormal matrix whose first two rows are (1, ® I3)/y/n).
Define

5:=Rp, G:=Rq H:=TRH. (23)
Then H has the form H = [0 ﬁT]T where 7 is a (2n — 2) x 2r
matrix which is because (1,, ® Iz) " H = 0. Let j5 be partitioned
as p=[p°" ﬁT]T where p° is a 2-vector and p is a 2n — 2
vector. Then the vector of relative positions in (16) can be
written as

e=H'p=Hp=[0H"] [pﬁo] =H'p (24)
Define
95(p) == 6(H'p) = ¢(e) (25)

Authorized licensed use limited to: Universitas Brawijaya. Downloaded on May 06,2021 at 02:12:01 UTC from IEEE Xplore. Restrictions apply.



DEGHAT et al.: COMBINED FLOCKING AND DISTANCE-BASED SHAPE CONTROL OF MULTI-AGENT FORMATIONS

and consider (23). Then (22) can be written as

[g] N [—Jgﬁ(ﬁ;)TJgﬁ () _7;?@] [g] (26)

where J,_ (p) = Jy, (p)R'. Since the first two rows of R are
(1) ® L)/y/n), L=HH" and H(1,, ® I5) = 0, the first
two rows and the first two columns of RLR " are zero and thus
RLR" has the form

_ 7. |O2xe OA q°
rerta= " S [7]

where ¢° = p°, § = p, and the submatrix L is positive de-
finite. Let

27)

O(H' D) = d(e)-
Since Jy, (p) = Jg,(P)R" and Jy (p)(1, ® [2) =0 (see

Lemma 1 and (21)), the first two rows and the first two columns
of Jy, (p)" Jg, (P) are also zero. Thus

—Jgs (ﬁg)T Jo (ﬁ)] [pﬁo } (29)

and the dynamics of the reduced-order system can be written as

95(p) == (28)

. o~ 02«
—Jgﬁ(p)TJgﬁ(p)p = |: 202

D 0 Ion—2| |P
| = N | . 30
M {—Jgp 6) Jy) L } [q] ¢
Define the set
O ={(p.4): =0 and gs(p) =d} 31)

and note that this set is compact* while the set Q) defined in
(13) is not compact. Then because of (29) and the fact that
Jg, (D)7 Jy, (P) has three zero eigenvalues at a point in Q; and
the rest are real and positive, the matrix J,, (p)" Jy, (p) at a

point in Q)1 has one zero eigenvalue and the rest are real and
positive.
Define now
Cr (A 1 ~ 12
V) = 5 o) - | (32)
which according to (20) and g;(p) = g5(p) = ¢(e) is equal to
V(p) in (20). Then the equations in (15) can be written, after
straightforward calculations, as

[g] - [—Eq _dvf/(ﬁ)] = Fi(p,q) (33)

4The compactness of 11 can be shown using the facts that the set C =
{(g,e) : §=0 and ¢(e) = d*} is a compact set and €2; can be written as
QO = {(p,d) : ¢ =0and HTp=ece C}. Since the kernel of HT is zero, it
follows that fh is also compact.
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and the linearization of (33) at a point in {4 can be repre-
sented by

Ion—2]| (D

L ||

(34)

As shown in Appendix A, the matrix Jg, (p, §) in (34) has one
zero eigenvalue and the rest have negative real parts. So one can
find a matrix Q; such that Q1 Jr, (p,§)Q7 " is in block diagonal
form with a zero for the first term.
Define 2 as 2 :=[p' @T]T. Then the # dynamics around a
point 2, in Ql can be written as
2= Jr (%)% + (F1(2) -

Iy (26)2) . (35)

Define now (6, p) =
the form

Q12. Then the (6,p) dynamics have

6 = hi(0, p)

p=Asp+ ha(0, p). (36)

Without loss of generality, we assume Z, = 0. It can be easily
verified that hy (6, p) and ha(6, p) in (36) satisfy h;(0,0) =0,
h2(0,0) =0, Jp, (0,0) = 0 and Jp,(0,0) = 0. We showed up
to here that (15) can be written in the form of (8).

Let the set M be related to Ql via the linear map ()1

M = {(9,p) 2 (0,p) = Q1% and 2 € Ql}. 37)
The following lemma shows that M is a center manifold for
(36) with (0, p) = Q12.
Lemma 2: The set M in (37) is a center manifold for (36).
Proof: See Appendix B. |
‘We now state our main result in the following theorem:
Theorem 4: Suppose Assumption 1 holds and consider the
double-integrator model in (12) and the transformations in (14).
Let the potential function V' (p) in (12) be in the form of (3).
Then there exists a neighborhood of the set £2; defined in (19)
such that any trajectory starting in this neighborhood converges
exponentially fast to a point in €2;.
Proof: According to the center manifold theorem, we
can conclude that there exists a function h(6) such that in a
neighborhood N of %9, one has
MNNo=A{(0,p) : p=h(0)}. (38)
Since M is an equilibrium manifold, h1 (6, h(8)) is zero on Ny
anq the dynamics in (10) restricted to the center manifold M
is £ = 0. Now by applying Theorem 2, the solutions of (6, p)
starting in Ny are

0(t) =£(t) + O(e™™)
p(t) =h(&(t) +O0(e™).

So (0(t), p(t)) converges to (£(0),h(£(0))) € M exponen-
tially fast which implies that (p(t),§(t)) converges to

(39)
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Q7 (£(0), h(£(0))) € Q1 exponentially fast. Since p(t) =
RT[p°T p(t)T] and q(t) = R7[q°" ¢(t)T]" and both p° and
¢° are constant, then p(t) and g(t) converge to €2; exponentially
fast. Note that Q; is compact and this argument can be repeated
for any point in 2; and can be lifted to €, since 3, i (t) = 0
and ) p;(t) is constant. |

Remark 3: Since the equilibrium manifold Ql is compact
and any trajectory starting from a small neighborhood of N
converges to N exponentially fast, one can conclude that there
exists a single exponent v such that all trajectories converge
to € from a small neighborhood at least as fast as e 7%,
We call this manifold a locally exponentially stable manifold.
(Note that for a non-compact manifold, although any trajectory
starting from a sufficiently small neighborhood of the manifold
converges to a point on the manifold exponentially fast, there
might be no single y applicable to all trajectories.)

B. Undirected Consensus Graph Except for Introduction
of Leader

Suppose now that an arbitrary agent, without loss of gener-
ality agent 1, is designated as a leader; equivalently, edges in
the consensus graph G incident on that agent are all changed to
be made outwardly directed while the remaining edges remain
undirected. If before the change, the Laplacian matrix is (with
L1 a scalar)

L= {L“ (40)

Ly
Loy

Lo»

then after the change, the first row is replaced by 0. Let the
double-integrator model combining shape control and velocity
consensus be written as

p=q

. 0 0 0 0
q== ([L21 L22:| ® IQ) q— |:0 12n2:| VV(p). 41)

We shall assume that the formation is traveling between way-
points, and that the leader velocity is constant. Relaxing this
assumption requires substantial adjustment. Let the leader ve-
locity be denoted by .. Let v denote a vector whose ¢-th entry
is g;+1 — q1. Then it is easily verified that for the consensus
problem without shape control, motion is governed by v =
—(L22 ® I2)v; the constraints on L assure that Loo is positive
definite, and so convergence is obvious. Suppose shape control
is added to consensus. Let z; = p;y1 — p1 and observe that
the translational invariance of V' (p) guarantees the existence of
a function V(z) with V(p) = V(2). Then (41) are evidently
replaced by

Z=v

0= — (L ® )v — VV(2). (42)
Note that the motion of the leader agent is neither affected by
the velocity of other agents nor any errors in distances between
it and its adjacent agents in G. We have the following result.
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Theorem 5: Let the double-integrator model of the agents be
given by (41). Suppose agent 1 is the leader of the formation
and is traveling between waypoints, and the leader velocity is
constant between the waypoints and is denoted by «.. Suppose
the edges in G incident on agent 1 are all outwardly directed
while the remaining edges in G are undirected, and G is rooted
at the leader. Assume the formation shape graph G is rigid. Then
all trajectories tend as ¢ — oo to the set

Q2 ={(p,q) :q=0al and VV(p) =0}.

Proof: We start with (42) and consider the Lyapunov
function W (z,v) = (1/2)v"v 4 V(z), for which W =
—v"(Laa ® Iy)v. It is immediate that v is bounded, as is
V(z) = V(p). Boundedness of V(z) = V(p) ensures that all
edge lengths in the formation graph G are bounded, and so
all z; are bounded. The LaSalle’s Invariance Principle then
easily shows that all trajectories converge to the set {(z,v) :
VV(z) =0,v=0}. The condition v =0 corresponds to
consensus with leader velocity a and the condition VV (z) = 0
is equivalent to VV(p) =0. To see that this implies that
VV(p) =0, observe using the definition of the z; and
Lemma 1 that

Iy 9 9

5z, P = a—mv(p) - a—pr(p)
9 - d d
8—Z2V(«Z) = 8—p3V(P) - 8—])1‘/(17)
d d d
8271,—1 %V(p) B 8_])1‘/(1))
d d
0=—V({p)+---+ 1% 43
o (p) . (p) (43)
and it is clear that VV (z) = 0iff VV (p) = 0. [

Similarly to the case where the consensus graph is undirected
and there is no leader in the formation, it can be shown using
the center manifold theorem that the set of correct equilibria is
locally exponentially stable. Define the matrix T' € R(27-2)x2n
as z=Tp (or equivalently v = T'q) where z € R>"~2 and
v € R?"72 are respectively the vectors of all z; and v; stacked
together, and let

9:(2) := o(e).

Similarly to (20), the potential function V(z) in (42) can be
written as

(44)

- 1
V(z) = 5 llg=(2) = d&°|)” (45)

whose gradient VV () is
VV(2) = Jy.(2)" (g:(2) — ). (46)

The set of correct equilibrium points can also be written as

Qs ={(z,v) :v; =0 Vi, and g.(z) =d*}. (47)
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Note that (s is a compact set. Consider (42) and define
Fy(z,v) as

z v
L’] B [_(Lm ® Ir)v — Vf/(z)} = Fy(v, 2). (48)
Then by linearizing (48) at a point in Qg, one has
: = 0 Izn 2 z
o T | =Jp(2)TJy(2)  —La®L| |v
= JF2 (Z,’U) |:§:| (49)

where Jg (p) = Jy. (2)T. From the definition of T, it is
easy to see that the rank of T is 2n — 2. According to
Sylvester’s rank inequality and the fact that rank(.Jy, (p)) <
min{rank(Jy, (z)), rank(T)}, then J, (p) has the same rank as
Jg. (2). Since the rank of .J, (p) = J,, (2)T is 2n — 3, because
it is the rank of the rigidity matrix associated with the graph G
and the framework (_C’; ,p) is assumed to be infinitesimally rigid,
the rank of .J_ (#) is also 2n — 3. Since J,, (z) isr x (2n — 2),
the nullity of .J,_ (z) and also the nullity of J,_(2)"J,_(2) is 1.
So Jy(2)"J,(2) has one zero eigenvalue. According to the
structure of J,(2)"J,(2), it is clear that J,(z)"J,(2) is sym-
metric and positive semidefinite. Thus the nonzero eigenvalues
are all real and positive.

Since Loo is a symmetric positive definite matrix, it can be
shown, similarly to Lemma 3, that Jg,(z,v) in (49) has only
one zero eigenvalue and the rest have negative real parts. Then
we can conclude that any trajectory of (z(t),v(t)) starting from
a small neighborhood of Q, in (47) converges to a point in Oy
exponentially fast.

C. Directed Consensus Graph

In this subsection, we shall suppose that the initially given
consensus graph G is directed and meets the conditions of
Theorem 1. We proceed straight to the situation where a leader
is selected. The following lemma is pertinent.

Lemma 3: Let G be a weakly connected directed graph® with
a unique closed strongly connected component. Choose any
vertex, call it v, belonging to the closed strongly connected
component as a leader, and remove the edges in G directed
towards v. Call G’ the new graph. Then G’ has a closed strongly
connected component which is unique, being in fact the single
vertex v, and accordingly consensus with convergence will
occur.

Proof: Let G* be the closed strongly connected compo-
nent of G, and let V* denote its vertex set. If [V*| = 1, then
G’ = G and the result is trivial. So suppose |V*| > 1. Since G* is
strongly connected, from any selected vertex in G*, there exists
a path to any other vertex in G*. In particular, there exists a
spanning tree 7 * in G* for which v is a root vertex, i.e., has no
incoming edges. Also, the hypothesis of the lemma guarantees
there is a spanning tree for all of G. All edges in this spanning

5 A directed graph is weakly connected if there is an undirected path between
each pair of distinct vertices [18].
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tree must be outgoing from G* because it is closed. It is clear
that the edges of this spanning tree lying in G* could be replaced
by those of 7* and one would still have a spanning tree of G.
In this new spanning tree of G, v is the root vertex, and so this
spanning tree of G is also a spanning tree of G'. Since G’ has a
spanning tree, it has a closed strongly connected component
which is unique (and the component defined by v alone is
closed and strongly connected), and the lemma is proved. W
With G’ as defined in the above lemma, let v be the identified
vertex, and suppose it corresponds to agent 1. Let L’ be the
associated Laplacian matrix. Then L’ has the following form:

0 0
L' = .
[L/m L/22:|

Observe that since the consensus property is guaranteed, L’ has
precisely one zero eigenvalue and the other eigenvalues have
positive real part. Hence all eigenvalues of L%, have positive
real part. This means, see [3], that there exists a diagonal
positive definite matrix P such that

(50)

Q = PLYyy + Ly, P > 0. (51)
We now have the following result.

Theorem 6: Suppose there is a directed consensus graph G’
which is rooted at the leader with the leader defined by agent
1, and an underlying formation shape graph G which is rigid.
Let £'= L' ® I, with L’ the Laplacian associated with &',
and let V(p) be a function invariant to translation, rotation or
reflection serving as the basis of a steepest descent law, suppose
the shape control law is p = —VV/(p). For a diagonal positive
definite P satisfying (51), consider the double-integrator model
combining shape control and velocity consensus

p=q

0242 0

0 Pfl ® I2 VV(p)

Gg=—L'q~ (52)
which includes the equation ¢; = 0, (and ensures distributed
control action for shape adjustment). Then all trajectories tend
as t — oo to the set

Q={(p,¢9):qi=q Vi, and VV(p)=0}.  (53)

Proof:  First transform the equations by setting v; =
¢i+1 — q1, % = pit1 —p1. Let V(z) be such that V(p) =
V(z), existence being guaranteed by the hypotheses on V' (p).
The adjusted equations are

zZ=wv
b= — (Lhy ® I)v— (P @ IL)VV(z). (54)
Adopt as a Lyapunov function
1 .
W(z,v) = 5ﬂP@b)v+V(z). (55)
Its time derivative along trajectories is W = —v " (Q ® I2)v.

Boundedness of v, z follows as earlier for (42), and so by
the LaSalle’s Invariance Principle, the consensus property is

Authorized licensed use limited to: Universitas Brawijaya. Downloaded on May 06,2021 at 02:12:01 UTC from IEEE Xplore. Restrictions apply.



1832

immediate. A further minor step establishes VV () = 0 which
is equivalent to VV'(p) = 0. Hence the theorem is proved. W
The set of correct equilibria can be defined by

and g.(z) =d*}.

Similarly to the previous subsection, it can be shown using the
center manifold theorem that the trajectories starting from a
small neighborhood of Q3 in (53) converge to Qs exponentially
fast. Consider (52) and define F5(z,v) as

ng{(z,v):vizo Vi, (56)

[ﬂ:[—(Lzz ® Ig)v—(z}l ® Ig)VV(z)] =F3(z,v). (57)

Then by linearizing (57) at a point in (56), one has

m = Jp, (2,0) m

— 0 IQn 2 (58)
—(P@I2)Jg. () Jg.(2) —L2o®I

As explained in the previous subsection, the matrix
—Jy(2)"Jy(2) is symmetric and negative semidefinite which
has one zero eigenvalue and the nonzero eigenvalues are all real
and negative. As the matrix P in (58) is positive definite, then
according to [17, Theorem 7.6.3], —(P~' ® I5)J,(2) " J,(2)
has the same number of zero, positive, and negative eigenvalues
as —Jy(2)"J,(2), that is —(P~! ® I5)Jy(2) " J,(2) has one
zero eigenvalue and the rest are real and negative.

Now we want to show that Jr, (z, v) in (58) has only one zero
eigenvalue, i.e., the dimension of the kernel of this matrix is
one. Let [z yT]—r € R*"~4 be the eigenvector associated with
the zero eigenvalue of Jp, (z,v). Thus

0 Iy o
(P @ L)y (2) . (2) D& IJ [ ] =069

Theny = 0and —(P~' ® I)J,. (2) " J,. ()2 = 0. Since there
exists only one independent vector x that spans the null space
of —(P™'® I,)J,.(2)"J,.(2), one can conclude that there

exists only one independent vector [z ' yT]T =z’ O]—r that
spans the null space of Jg,(z,v). Then it can be shown that
Jr, (z,v) has only one zero eigenvalue. The rest of the local
exponential convergence proof is similar to the proofs in the
previous subsections.

D. Directed Consensus Graph With a Closed Strongly
Connected Subgraph

In this subsection, we suppose the consensus graph G has a
unique closed strongly connected component, which contains
more than a single vertex, while G itself is not strongly con-
nected. We first investigate the consensus problem and provide
a Lyapunov function for the stability proof and then go to the
consensus and shape control problem.

1) Velocity Consensus: Suppose the matrix L € R™ " is

partitioned as
A 0
L= [ 4 C} (60)
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where A € R™*"™ is square and is the Laplacian of the sub-
graph of G comprising the closed strongly connected compo-
nent which contains m vertices. Hence, as noted in Theorem 1,
there is a positive vector 7, spanning the cokernel of A, and
n=[nl 0]" spans the cokernel of L.

Define A : = AR I, B:= B® I,C:=C® I, and L by
A 0}

B cl 61)

£:L®12:|:

We shall prove the stability of the velocity consensus problem
with the aid of the following lemma.

Lemma 4: With notation as above, there exists a nonsingular
positive definite P and a nonnegative definite Q with kernel
spanned by (1 ® I>) such that

PL+L'P=0. (62)

Proof: Recall that (n, ® I5)" A= 0and £L(1 ® I3) = 0.

Because the entries of 7, are positive, the inner product 77T1 1S
nonzero. It is trivial that the matrix

I T O X n—m
Lo — (1@ ) [(na ® I3)" Ogx )}

63
1 (63)
has rank 2n — 2, and so has a factorization as
)T 0
I, —(1® 12)7[(77“ ®5) 0] =MN (64)

M4 1

where M, N are 2n x (2n —2) and (2n — 2) X 2n respec-
tively, both with rank 2n — 2. Define the 2n X 2n matrix

U=[1®Il)M]

and it is easily verified that with

(na®I2)" 0
S = ng 1
N

there holds US = I, i.e., S = U~!. Then SU = I, and the
entries of SU give N(1 ® I3) = 0, a fact used below. A short
calculation also shows that

0242

65
O2n—2)x2 (65)

U-lLU — [ 02><(2n2):| .

NLM

Because the matrix L has one zero eigenvalue and the remain-
der with positive real parts, the £ has two zero eigenvalues and
the remainder with positive real parts. Hence all eigenvalues of
N LM have positive real parts. So there exist positive definite
symmetric P, Q such that

P(NLM)+ (NLM)"P = Q.

Then (62) is satisfied with the definitions

1 0 0 0
_ =T |12 ) -1 7T [V2x2 Y -1
povt B Yo ecor [ Yo
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It is evident that the function ¢'Pq is a Lyapunov function
establishing stability of the consensus system. By Lasalle, the
solutions approach a limit point in the set Qg = 0. Equivalently,
the limiting solutions must obey

o]

[(na®I2)T 0]
0252 g} [77:721

] q=0. (66)

It is trivial that Ng = 0. As noted above, the nullspace of IV is
spanned by 1 ® I5. So

q=1® L)

for some i € R2.
2) Combined Velocity and Shape Control: The equations of
motion we adopt are

p=q
Gg=—Lqg—PVV(p). (67)
It should be noted that P is not a diagonal matrix and thus
information from other than neighbor agents might be needed
to form the acceleration of a particular agent. In other words,
when the consensus graph has a unique closed strongly con-
nected component which contains more than a single vertex,
the control law might not be completely distributed.
Now choose as a “Lyapunov-like” function

1
W =54 Pg+V(p). (68)
It is straightforward to check that this results in
. 1
W=-5a Q. (69)

It is immediate that ¢ is bounded. However, it is not immediate
that p is bounded. Nevertheless, V (p) is bounded, from which it
easily follows that every ||p; — p;|| is bounded, Consequently, ¢
is bounded, and so W is bounded. Under these circumstances,
Barbalat’s lemma implies that W — 0. The calculation for the
consensus only problem then shows that

qg— (1@ L)u

for some 2-vector u. At this point, it has not been established
that 1 is constant. Insert this into (67). The conclusion is for the
equilibrium motions

p=1®L)u

(1®L)u=—P 'VV(p). (70)
Multiply the second equation on the left by (1 ® I3)"P. The
right side is zero since (1® I3)"VV(p) =0, and because
17P1 > 0, there results ;i =0, so that u is constant. The
second equation of (67) then has ¢ =0, Lg = 0 (recall that
1 ® I, is anull vector of £), and so VV (p) = 0.
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(@ (b)

Fig. 2. Consensus graph G and shape control graph G used in the simulation
of the double-integrator model in (12). (a) G. (b) G.

This establishes (for a rigid formation) that simultaneous
velocity consensus and local shape control have been achieved.

The proof for local exponential stability of the desired
equilibrium set is similar to the previous subsections and is
omitted for brevity. Similarly to the previous subsections, the
equilibrium set is not compact in this case. So one should first
reduce the order of the system and find a compact equilibrium
manifold for the reduced order system and then show that the
equilibrium manifold is locally exponentially stable. Alterna-
tively, one can start with a non-compact equilibrium set and use
the generalization of the center manifold theorem in [9] to show
that the trajectories starting from a compact neighborhood of
the non-compact equilibrium manifold converge to a compact
subset of the equilibrium manifold exponentially fast.

IV. SIMULATIONS

In this section, we simulate the results in Section III for a
5-agent formation. In all simulations in this section, we assume
the initial position and velocity of the agents are: p;(0) =
[-3.5,0]", p2(0) = [—1.75,0]", p3(0) =1[0,0]", ps(0) =
[1.75,0]", p5(0) = [3.5,0]", ¢1(0) = [-0.5,1]", ¢2(0) = [1,
317, ¢3(0) =[3,0]", q(0)=1[1,-1]", and ¢5(0) =[0,1]".
We start with a formation whose consensus graph is undirected.
Let the topology of the consensus graph G and the topology
of the shape control graph G be as shown in Fig. 2(a) and (b),
respectively. Note that G is connected and G is rigid. The
desired distances between the neighbor agents in G are
assumed to be diy = dis = V2, dby = diy, = djs = diy = 2,

55 = dy, = V8 and dj, = v/10. We assume that V(p) in (12)
is in the form of (3).

The agents’ trajectories when the dynamics of the system are
as (12) are shown Fig. 3. As explained earlier, the algorithms
proposed in this paper control the formation shape and the
velocity of agents, but they do not control the orientation and
the position of the center of mass of the formation.

As explained in Remark 2, the rate of convergence of the con-
sensus term can affect the convergence time of the formation to
the desired shape and velocity. We consider two different cases
where the consensus term in (12) is multiplied by £ = 1 and
k = 10. The trajectories of the agents when k = 10 are shown
in Fig. 4, and the sum of the distance error of the neighbor
agents and the sum of the 2-norm of velocity error between the
agents for £ = 1 and £ = 10 are shown in Fig. 5. It can be seen
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Fig. 3. Simulation results when the consensus graph is undirected and the
system dynamics are governed by (12) with V' (p) given in (3). The position
of agents at £ = 0 and ¢ = 15 sec are respectively shown by “o” and “x.” The
dashed-dotted lines represent the formation links associated with the edges in G.

14é Agent 1| ..o
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Fig. 4. Simulation results when the consensus graph is undirected and the
system dynamics are governed by (12) with V' (p) given in (3). We assume the
consensus term in (12) is multiplied by a gain £ = 10. The position of agents at
t = Oand ¢t = 15 sec are respectively shown by “o” and “+.* The dashed-dotted
lines represent the formation links associated with the edges in G.

in Fig. 5 that the convergence rate of the system increases as k
changes from 1 to 10.

To check the robustness of the system against noise, we
assume that the velocity measurements used for consensus are
contaminated by Gaussian noise. Note that robustness against
noise is to be expected because of the exponential convergence.
We consider the following double-integrator model of the sys-
tem in this case:

p=q
g =

—k(Lq+v) = VV(p) (71)

SFurther simulations show that if the consensus gain increases too much,
the convergence of the inter-agent distances to the desired distances becomes
slower.
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Distance error (m)
Velocity error (m/s)

Time (sec)

Time (sec)

Fig. 5. Sum of the distance errors between the neighbor agents and the sum
of the 2-norm of the vector of velocity errors when the system dynamics are
governed by (12) (blue line) and when the system dynamics are governed by
(12) but the consesnsus term is multplied by a gain £ = 10 (black line).
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Fig. 6. Sum of the distance errors between the neighbor agents and the sum
of the 2-norm of the vector of velocity errors when the system dynamics are
governed by (12), the consensus term is multiplied by & = 10, and the velocity
measurements are noiseless (black) and noisy (blue).

where k is the consensus gain which is assumed to be 10,
and v is the vector of all velocity measurement noises v; at
the agents ¢ = 1,..., 5 stacked together. We assume v; is zero
mean Gaussian noise with variance 0.25. Simulation results
comparing the noiseless case with the noisy case are shown
in Fig. 6.

Now suppose the consensus graph has a leader which is de-
noted as agent 1. We first assume that the consensus graph G is
still undirected except that the edges in G incident on agent 1 are
all changed to be made outwardly directed. We assume that the
speed of the leader changes at some waypoints (which are suf-
ficiently far from each other) and remains constant between the
waypoints. We continue to assume that the consensus term in
(41) is multiplied by & = 10 and V' (p) is as (3). The trajectories
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— Agent 1
Agent 2
Agent 3 |
—— Agent 4
— Agent 5

Fig. 7. Simulation results when the consensus graph is undirected except that
the edges incident on agent 1 are all outwardly directed, and when the speed
of the leader changes at two waypoints. The position of agents at ¢ = 0 and

t = 15 sec are respectively shown by “o” and “x.”
1
5 2
4 3

Fig. 8. Consensus graph G used in the simulation of (52).

of the agents are shown in Fig. 7. The initial positions and
velocities of the agents in Fig. 7 are the same as Fig. 3.

Next assume that the consensus graph is directed as shown
in Fig. 8. We now compare the distance and velocity error of
three cases where the models of the system are as (12), (42),
and (52). We assume that the consensus term is multiplied by a
gain k = 10 and V (p) is as (3). The sum of the distance errors
between the neighbor agents and the sum of the 2-norm of the
vector of velocity errors for these cases are shown in Fig. 9. It
can be seen that all errors converge to zero, and when the agents
in the formation have more knowledge about their neighbors,
the errors converge to zero faster.

We finally assume that the consensus graph is not strongly
connected, but has a closed strongly connected component. The
consensus graph we consider here is shown in Fig. 10. The
matrix P in (67) can be found using Lemma 4. A possible P is

1.224 0.224 —-0.316 —-0.316 —0.316
0.224 1.224 —-0.316 —0.316 —0.316
P=|-0.316 —0.316 0.877 —0.122 —-0.122(®I,.
-0.316 —-0.316 —0.122 0.877 —0.122
—-0.316 -0.316 —0.122 —0.122 0.877
(72)
The distance and velocity errors in this case are shown
in Fig. 11.
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Fig. 9. Sum of the distance errors between the neighbor agents and the
2-norm of the vector of velocity errors for the cases where the consensus graph
is undirected (dashed blue line), is undirected except that the edges from the
leader are outwardly directed (dashed-dotted red line) and is directed (solid
black line).

3

Fig. 10. Consensus graph G used in the simulation of the control law (67)
when the consensus graph is not strongly connected, but has a closed strongly
connected component.
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Fig. 11. Sum of the distance errors between the neighbor agents and the
2-norm of the vector of velocity errors when the system dynamics are governed
by (67).
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V. CONCLUSION AND FUTURE WORK

Aside from the main result that consensus and shape control
can be combined, the striking feature of the analysis is that
for this to occur with the controls being injected in an additive
fashion, shape control has to be done with a double integrator
model, as compared with the situation when no consensus is
sought, and a single integrator model is used.

There are open issues not addressed here, which we now
record. First, we have not recorded a result on combining con-
sensus and shape control when the consensus graph is directed
but there is no identified leader. This is actually straightfor-
ward to do when the consensus graph is strongly connected.
However, since consensus alone will occur if the graph has a
unique closed strongly connected component, one would expect
that the issue of combining for such a graph the consensus
problem with the shape control problem should be addressable.
Actually, this appears quite challenging in a technical sense.
Second, we note that recent work on shape control alone has
shown the possibility of achieving shape control in a finite time
with the aid of switching functions, [19]. Switching functions
are by nature discontinuous, and accordingly existence and
uniqueness questions for differential equation solutions come
into play. It would be worthwhile to examine what could be
done with combined consensus and shape control.

APPENDIX A

Lemma 5: Consider Jr, (p,d) in (34) in which £ is a
symmetric positive definite matrix and J,,(p)"Jy, (p) is a
symmetric matrix that has one zero eigenvalue and the rest are
real and positive. Then Jg, (P, §) has one zero eigenvalue and
the rest have negative real parts. Furthermore, if v is the eigen-
vector corresponding to the zero eigenvalue of Jy, (p) " Jg, (p),
then the eigenvector corresponding to the zero eigenvalue of

PN T
T (p,a)is b7 0]

Proof:  We first show that Jp, (p, §) has only one zero
eigenvalue and the rest have negative real parts. Define J =
Jg, ()" Jg, (D). let X be an eigenvalue of Jp, (p,q) and let

[v] vg ]T be the associated eigenvector. Then A satisfies
DI Al f ﬁ] [ﬁﬂ =0 73
which can also be written as
vy = vg (74)
Jv1 + Mg + Loy =0. (75)
Substituting (74) into (75), we derive that
N T4+ AL+ T =0 (76)
and so
vl W+ AL+ vy = 0. (77)

The left-hand side of the above equation can also be written as

A2|or||2 4 v] Lot + 0] Jvy = 0. (78)

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 61, NO. 7, JULY 2016

Denote vfﬁvl =a and v?jvl = b. It is clear that a > 0 for
whatever nonzero v; as L is positive definite. Similarly, we
know that b = 0 when v; is in the null space of j , which is
of one dimension, and b > 0 for all v; not in the null space of
j . Therefore, rewriting (78) as

Mo +ar+b=0 (79)
and solving for the roots, we obtain
—a =+ 24 2
| —at =T )

2o 2

Asa > 0and b > 0 (for which b = 0 only when v, is in the one
dimensional null space of j ), it then follows from (80) that A
has negative real part for all v; not in the null space of 7, and it
gives rise to a zero eigenvalue when vy is in the null space of J.
Now assume A = 0 and therefore v; is in the null space of j .
Then according to (74) and (75), the eigenvector of Jg, (P, §)
corresponding to its zero eigenvalue is [v] O]T where Jv; = 0.
|

APPENDIX B

Proof of Lemma 2: To show that M is a center manifold
for (36), we need to show that M is invariant and is tangent
to the center subspace of (36) at the origin. The set M is
invariant because it is the equilibrium set of (36). Instead of
showing that M is tangent to the center subspace of (36) at the
origin, we can show that Qy in (31)is tangent to the eigenvector
of Jp, (2) corresponding to its zero eigenvalue at the origin.
As shown in Lemma 5 in Appendix A, the eigenvector of
Jr, (2) corresponding to its zero eigenvalue is [v] O]T where
vy satisfies Jg_ (p) " Jg, (p)r1 = 0. Rewrite Q; as

0 = {(m) L G(p, q) = {gﬁ(ﬁg— d*} - 0}. (81)
Then the Jacobian of G(ﬁ, ) is
. Iy (D 0
Ja(2) = [ gpo(p) I:| (82)

In order to show that €2 is tangent to [v) O]T at the origin, we
show that J,,(0)[v] 0] =0

w0 JE-P e

We want to show that Jy (0)ry =0. This comes from
g, (0)r1 || = vy Jy, (0) T Jg, (0)r1 and that v is the eigen-
vector of Jy, (0)"Jy, (0) corresponding to its zero eigenvalue.
Hence v J,, (0)"J,, (0)r is zero and therefore ), is tangent

T gy
to [v] 0] at the origin.

REFERENCES

[1] B. D. O. Anderson, Z. Lin, and M. Deghat, “Combining distance-based
formation shape control with formation translation,” Developments in
Control Theory Towards Glocal Control, pp. 121-130, 2012.

Authorized licensed use limited to: Universitas Brawijaya. Downloaded on May 06,2021 at 02:12:01 UTC from IEEE Xplore. Restrictions apply.



DEGHAT et al.: COMBINED FLOCKING AND DISTANCE-BASED SHAPE CONTROL OF MULTI-AGENT FORMATIONS

[2] L. Krick, M. E. Broucke, and B. A. Francis, “Stabilization of infinitesi-
mally rigid formations of multi-robot networks,” Int. J. Control, vol. 82,
pp. 423-439, 2009.

[3]1 Z. Lin, Distributed Control and Analysis of Coupled Cell Systems.
Saarbriicken, Germany: VDM Verlag, 2008.

[4] W. Ren, R. W. Beard, and E. M. Atkins, “Information consensus in
multivehicle cooperative control,” IEEE Control Syst. Mag., vol. 27, no. 2,
pp. 71-82, 2007.

[5] R. Olfati-Saber, “Flocking for multi-agent dynamic systems: Algorithms
and theory,” IEEE Trans. Autom. Control, vol. 51, no. 3, pp. 401-420,
Mar. 2006.

[6] H. G. Tanner, A. Jadbabaie, and G. J. Pappas, “Flocking in fixed
and switching networks,” IEEE Trans. Autom. Control, vol. 52, no. 5,
pp. 863-868, May 2007.

[7]1 D. V. Dimarogonas and K. H. Johansson, “On the stability of distance-
based formation control,” in Proc. 47th IEEE Conf. Decision and Control,
2008, pp. 1200-1205.

[8] H. Su, X. Wang, and Z. Lin, “Flocking of multi-agents with a vir-
tual leader,” IEEE Trans. Autom. Control, vol. 54, no. 2, pp. 293-307,
Feb. 2009.

[9] T.H. Summers, C. Yu, S.Dasgupta, and B. D. O. Anderson, “Control of
minimally persistent leader-remote-follower and coleader formations in
the plane,” IEEE Trans. Autom. Control, vol. 56, no. 12, pp. 2778-2792,
Dec. 2011.

[10] W. Ren and E. Atkins, “Distributed multi-vehicle coordinated control
via local information exchange,” Int. J. Robust Nonlin. Control, vol. 17,
no. 10/11, pp. 1002-1033, 2007.

[11] Y. Cao, W. Ren, and Z. Meng, “Decentralized finite-time sliding mode
estimators and their applications in decentralized finite-time formation
tracking,” Syst. & Control Lett., vol. 59, no. 9, pp. 522-529, 2010.

[12] B.D. O. Anderson, C. Yu, B. Fidan, and J. M. Hendrickx, “Rigid graph
control architectures for autonomous formations,” IEEE Control Syst.
Mag., vol. 28, no. 6, pp. 48-63, 2008.

[13] T. Tay and W. Whiteley, “Generating isostatic frameworks,” Struct.
Topol., vol. 11, no. 1, pp. 21-69, 1985.

[14] D. V. Dimarogonas and K. H. Johansson, “Bounded control of network
connectivitiy in multi-agent systems,” IET Control Theory Applic., vol. 4,
pp. 1330-1338, 2010.

[15] J. Carr, Applications of Centre Manifold Theory. New York, NY, USA:
Springer-Verlag, 1981.

[16] S. Sastry,  Nonlinear Systems: Analysis,
New York, NY, USA: Springer-Verlag, 1999.

[17] R. A. Horn and C. R. Johnson, Matrix Analysis.
Cambridge Univ. Press, 1985.

[18] C.D. Godsil and G. Royle, Algebraic Graph Theory. New York, NY,
USA: Springer-Verlag, 2001.

[19] F. Xiao, L. Wang, J. Chen, and Y. Gao, “Finite-time formation control
for multi-agent system,” Automatica, vol. 45, pp. 2605-2611, 2009.

Stability, and Control.

Cambridge, U.K.:

Mohammad Deghat (S’09-M’14) received the
B.Sc. and M.Sc. degrees in electronics and electri-
cal engineering from Shiraz University, Iran, and
the Ph.D. degree in engineering and computer
science from the Australian National University,
Canberra, in 2013.

He was then a Postdoctoral Researcher at Na-
tional ICT Australia and UNSW Canberra. He is cur-
rently a Researcher at CSIRO. His research interests
include multi-agent systems, sensor networks, and
distributed fault detection.

1837

Brian D. O. Anderson (M’66-SM’74-F’75-LF’07)
was born in Sydney, Australia. He received de-
grees in mathematics and electrical engineering from
Sydney University, Sydney, Australia, and the Ph.D.
degree in electrical engineering from Stanford Uni-
versity, Stanford, CA, in 1966.

He is a Distinguished Professor at the Australian

- National University, Canberra, and a Distinguished
Researcher with National ICT Australia. His current

\L research interests are in distributed control, sensor
networks, and econometric modelling.

Dr. Anderson’s awards include the IEEE Control Systems Award of 1997,
the 2001 IEEE James H Mulligan, Jr. Education Medal, and the Bode Prize of
the IEEE Control System Society in 1992, as well as several IEEE and other
best paper prizes. He is a Fellow of the Australian Academy of Science, the
Australian Academy of Technological Sciences and Engineering, the Royal So-
ciety, and a foreign member of the U.S. National Academy of Engineering. He
holds honorary doctorates from a number of universities, including Université
Catholique de Louvain, Belgium, and ETH, Ziirich. He is a past President of
the International Federation of Automatic Control and the Australian Academy
of Science.

Zhiyun Lin (M’04-SM’10) received the Bachelor’s
degree in electrical engineering from Yanshan Uni-
versity, Hebei, China, in 1998, the Master’s degree
in electrical engineering from Zhejiang University,
Hangzhou, China, in 2001, and the Ph.D. degree in
electrical and computer engineering from the Univer-
sity of Toronto, Toronto, ON, Canada, in 2005.

He was a Postdoctoral Research Associate in the
Department of Electrical and Computer Engineering,
University of Toronto, from 2005 to 2007. He joined
the College of Electrical Engineering, Zhejiang Uni-
versity, in 2007, where he is currently a Professor of Systems Control. He is
also affiliated with the State Key Laboratory of Industrial Control Technology,
Zhejiang University. He held visiting professor positions at several universities,
including The Australian National University (Australia), University of Cagliari
(Italy), University of Newcastle (Australia), University of Technology Sydney
(Australia), and Yale University (USA). His research interests focus on distrib-
uted control, estimation and optimization, coordinated and cooperative control
of multi-agent systems, hybrid and switched system theory, and locomotion
control of biped robots.

Dr. Lin is currently an Associate Editor for Hybrid Systems: Nonlinear
Analysis and the International Journal of Wireless and Mobile Networking.

Authorized licensed use limited to: Universitas Brawijaya. Downloaded on May 06,2021 at 02:12:01 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues false
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


